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AN IMPROVEMENT ON EIGENFUNCTION RESTRICTION ESTIMATES FOR
COMPACT BOUNDARYLESS RIEMANNIAN MANIFOLDS WITH NONPOSITIVE
SECTIONAL CURVATURE
XUEHUA CHEN
Abstract. Let (M, g) be an n-dimensional compact boundaryless Riemannian manifold with nonpositive
sectional curvature, then our conclusion is that we can give improved estimates for the Lp norms of the
restrictions of eigenfunctions to smooth submanifolds of dimension k, for p >
2n
n− 1
when k = n − 1 and
p > 2 when k ≤ n−2, compared to the general results of Burq, Ge´rard and Tzvetkov [2]. Earlier, Be´rard [1]
gave the same improvement for the case when p =∞, for compact Riemannian manifolds without conjugate
points for n = 2, or with nonpositive sectional curvature for n ≥ 3 and k = n− 1. In this paper, we give the
improved estimates for n = 2, the Lp norms of the restrictions of eigenfunctions to geodesics. Our proof uses
the fact that, the exponential map from any point in x ∈ M is a universal covering map from R2 ⋍ TxM
to M , which allows us to lift the calculations up to the universal cover (R2, g˜), where g˜ is the pullback of
g via the exponential map. Then we prove the main estimates by using the Hadamard parametrix for the
wave equation on (R2, g˜), the stationary phase estimates, and the fact that the principal coefficient of the
Hadamard parametrix is bounded, by observations of Sogge and Zelditch in [16]. The improved estimates
also work for n ≥ 3, with p > 4k
n−1
. We can then get the full result by interpolation.
1. Introduction.
Let (M, g) be a compact, smooth n-dimensional boundaryless Riemannian manifold with nonpositive
sectional curvature. Denote ∆g the Laplace operator associated to the metric g, and dg(x, y) the geodesic
distance between x and y associated with the metric g. We know that there exist λ ≥ 0 and φλ ∈ L2(M) such
that −∆gφλ = λ2φλ, and we call φλ an eigenfunction corresponding to the eigenvalue λ. Let {ej(x)}j∈N
be an L2(M)-orthonormal basis of eigenfunctions of
√−∆g, with eigenvalues {λj}j∈N, and {Ej(x)}j∈N
be the projections onto the j-th eigenspace, restricted to Σ, i.e. Ejf(x) = ej(x)
∫
M ej(y)f(y)dy, for any
f ∈ L2(M), x ∈ Σ. We may consider only the positive λ’s as we are interested in the asymptotic behavior
of the eigenfunction projections. Our main Theorem is the following.
Theorem 1.1. Let (M, g) be a compact smooth n-dimensional boundaryless Riemannian manifold with non-
positive curvature, and Σ be an k-dimensional smooth submanifold on M . Let {Ej(x)}j∈N be the projections
onto the j-th eigenspace, restricted to Σ. Given any f ∈ L2(M), we have the following estimate:
When k = n− 1,
(1.1) ||
∑
|λj−λ|≤(log λ)−1
Ejf ||Lp(Σ) .
λδ(p)
(log λ)
1
2
||f ||L2(M), ∀p >
2n
n− 1 ;
When k ≤ n− 2,
(1.2) ||
∑
|λj−λ|≤(log λ)−1
Ejf ||Lp(Σ) .
λδ(p)
(logλ)
1
2
||f ||L2(M), ∀p > 2,
where δ(p) = n−12 − kp .
Note that we may assume that (M, g) is also simply connected in the proof.
The following corollary is an immediate consequence of this theorem.
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Corollary 1.2. Let (M, g) be a compact smooth n-dimensional boundaryless Riemannian manifold with
nonpositive curvature, and Σ be an k-dimensional smooth submanifold on M . For any eigenfunction φλ of
∆g s.t. −∆gφλ = λ2φλ, we have the following estimate:
When k = n− 1,
(1.3) ||φλ||Lp(Σ) .
λδ(p)
(logλ)
1
2
||φλ||L2(M), ∀p >
2n
n− 1 ;
When k ≤ n− 2,
(1.4) ||φλ||Lp(Σ) .
λδ(p)
(logλ)
1
2
||φλ||L2(M), ∀p > 2,
where δ(p) = n−12 − kp .
In [9], Reznikov achieved weaker estimates for hyperbolic surfaces, which inspired this current line of
research. In [2], Theorem 3, Burq, Ge´rard and Tzvetkov showed that given any k-dimensional submanifold
Σ of an n-dimensional compact boundaryless manifold M , for any p >
2n
n− 1 when k = n − 1 and for any
p > 2 when k ≤ n− 2, one has
(1.5) ||φλ||Lp(Σ) . λδ(p)||φλ||L2(M),
while for p = 2nn−1 when k = n− 1 and for p = 2 when k = n− 2 one has
(1.6) ||φλ||Lp(Σ) . λδ(p)(log λ)
1
2 ||φλ||L2(M).
Later on, Hu improved the result at one end point in [7], so that one has (1.5) for p = 2nn−1 when k = n−1.
It is very possible that one can also improve the result at the other end point, where p = 2, k = n − 2, so
that we also have (1.5) there. Our Theorem 4.1 gives an improvement for (1.5) of (log λ)−
1
2 for p ≥ 2 for
certain small k’s (See the remark after Theorem 4.1).
Note that their proof of Theorem 3 in [2] indicates that for any f ∈ L2(M),
(1.7) ||
∑
|λj−λ|<1
Ejf ||Lp(Σ) . λδ(p)||f ||L2(M),
for any p ≥ 2n
n− 1 when k = n − 1 and p ≥ 2 when k ≤ n − 2 except that there is an extra (logλ)
1
2 on
the right hand side when p = 2 and k = n − 2. In the proof, they constructed χλ = χ(
√−∆g − λ) from
L2(M) to Lp(Σ), where χ ∈ S(R) such that χ(0) = 1, and showed that χλ(χλ)∗ is an operator from Lp(Σ)
to Lp
′
(Σ) with norm O(λ2δ(p)). That means, there exists at least an ε > 0 such that
(1.8) ||
∑
|λj−λ|<ε
Ejf ||Lp(Σ) . λδ(p)||f ||L2(M).
The reason why (1.8) is true can be seen in this way. Considering the dual form of
(1.9) ||χ(λ−
√
−∆g)f ||Lp(Σ) . λδ(p)||f ||L2(M),
which says
(1.10) ||
∑
j
χ(λ− λj)E∗j g||L2(M) . λδ(p)||g||Lp(Σ),
where E∗j is the conjugate operator of Ej such that E
∗
j g(x) = ej(x)
∫
Σ ej(y)g(y)dy, for any g ∈ L2(Σ) and
x ∈M . There exists an ε > 0 such that χ(t) > 12 when |t| < ε because we assumed that χ(0) = 1. Therefore,
the square of the left hand side of (1.10) is
(1.11)
∑
|λ−λj |<ε
||χ(λ− λj)E∗j g||2L2(M) +
∑
|λ−λj |>ε
||χ(λ− λj)E∗j g||2L2(M) ≥
1
4
∑
|λ−λj |<ε
||E∗j g||2L2(M).
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That means
(1.12) ||
∑
|λ−λj |<ε
E∗j g||L2(M) . λδ(p)||g||Lp(Σ),
which is the dual version of (1.8).
If we divide the interval (λ−1, λ+1) into 1ε sub-intervals whose lengths are 2ε, and apply the last estimate
1
ε times, we get (1.7). Thinking in this way, our estimates (1.1) and (1.2) are equivalent to the estimates for
(1.13) ||
∑
|λj−λ|<ε log−1 λ
Ej ||L2(M)→Lp(Σ),
for some number ε > 0, which is equivalent to estimating
(1.14) ||χ(T (λ−
√
−∆g))||L2(M)→Lp(Σ),
for T ≈ log−1 λ.
The estimates (1.5) and (1.6) are sharp when
1. k ≤ n− 2, M is the standard sphere Sn and Σ is any submanifold of dimension k; or
2. k = n − 1 and 2 ≤ p ≤ 2n
n− 1 , M is the standard sphere S
n and Σ is any hypersurface containing a
piece of geodesic.
It is natural to try to improve it on Riemannian manifolds with nonpositive curvature. Recently, Sogge
and Zelditch in [16] showed that for any 2-dimensional compact boundaryless Riemannian manifold with
nonpositive curvature one has
(1.15) sup
γ∈Π
||φλ||Lp(γ)/||φλ||L2(M) = o(λ
1
4 ), for 2 ≤ p < 4,
where Π denotes the space of all unit-length geodesics in M . (1.7) is sharp for any compact manifolds, in
the sense that we fix the scale of the spectral projection (See proof in [2]). If we are allowed to consider a
smaller scale of spectral projection, then our theorem 1.1 is an improvement of
√
logλ for (1.7), with the
extra assumption that M has nonpositive curvature. The corollary is an improvement of (1.5). Note that
(1.3) and (1.15) improve (1.5) for the whole range of p in dimension 2 except for p = 4.
Theorem 1.1 is related to certain Lp-estimates for eigenfunctions. For example, for 2-dimensional Rie-
mannian manifolds, Sogge showed in [13] that
(1.16) ||φλ||Lp(M)/||φλ||L2(M) = o(λ
1
2 (
1
2−
1
p
))
for some 2 < p < 6 if and only if
(1.17) sup
γ∈Π
||φλ||L2(γ)/||φλ||L2(M) = o(λ
1
4 ).
This indicates relations between the restriction theorem and the Lp-estimates for eigenfunctions in [10] by
Sogge, which showed that for any compact Riemannian manifold of dimension n, one has
(1.18) ||φλ||Lp(M) . λ
n−1
2 (
1
2−
1
p
)||φλ||L2(M), for 2 ≤ p ≤
2(n+ 1)
n− 1 ,
and
(1.19) ||φλ||Lp(M) . λn(
1
2−
1
p
)− 12 ||φλ||L2(M), for
2(n+ 1)
n− 1 ≤ p ≤ ∞.
There have been several results showing that (1.19) can be improved for p >
2(n+ 1)
n− 1 (see [14] and [15])
to bounds of the form ||φλ||Lp(M)/||φλ||L2(M) = o(λn(
1
2−
1
p
)− 12 ) for fixed p > 6. Recently, Hassell and Tacey
[5], following Be´rard’s [1] estimate for p =∞, showed that for fixed p > 6, this ratio is O(λn( 12− 1p )− 12 /√logλ)
on Riemannian manifolds with constant negative curvature, which inspired our work.
4 XUEHUA CHEN
2. Set up of the proof of the improved restriction theorem.
Let us first analyze the situation for any dimension n, which we will use in Section 4.
Take a real-valued multiplier operator χ ∈ S(R) such that χ(0) = 1, and χˆ(t) = 0 if |t| ≥ 12 . Let ρ = χ2,
then ρˆ(t) = 0 if |t| ≥ 1. Here, χˆ is the Fourier Transform of χ. Same notations in the following.
For some number T , which will be determined later, and is approximately log λ, we have χ(T (λ −√−∆g))ϕλ = ϕλ. The theorem is proved if we can show that for any f ∈ L2(M),
(2.1) ||χλT f ||Lp(Σ) .
λδ(p)
(logλ)
1
2
||f ||L2(M),
where χλT = χ(T (λ−
√−∆g)) is an operator from L2(M) to Lp(Σ).
This is equivalent to for any g ∈ Lp′(Σ),
(2.2) ||χλT (χλT )∗g||Lp(Σ) .
λ2δ(p)
log λ
||g||Lp′(Σ),
where p′ is the conjugate number of p such that 1p +
1
p′ = 1. and (χ
λ
T )
∗ is the conjugate of χλT , which maps
Lp
′
(Σ) into L2(M).
If {ej(x)}j∈N is an L2(M) orthonormal basis of eigenfunctions of
√−∆g, with eigenvalues {λj}j∈N,
and {Ej(x)}j∈N is the projections onto the j-th eigenspace restricted to Σ, then I|Σ =
∑
j∈N Ej , and√−∆g|Σ =∑j∈N λjEj . If we set ρλT = ρ(T (λ−√−∆g)) : L2(M)→ Lp(Σ), then the kernel of χλT (χλT )∗ is
the kernel of ρλT , which is restricted to Σ× Σ. That can be seen from
(2.3) χλT f(x) =
∑
j∈N
χ(T (λ− λj))ej(x)
∫
M
ej(y)f(y)dy, ∀f ∈ L2(M),
and
(2.4) (χλT )
∗g(x) =
∑
j∈N
χ(T (λ− λj))ej(x)
∫
Σ
ej(y)g(y)dy, ∀g ∈ Lp
′
(Σ).
Therefore,
χλT (χ
λ
T )
∗g(x) =
∑
i,j∈N
χ(T (λ− λi))χ(T (λ− λj))ej(x)
∫
M
ej(y)ei(y)
∫
Σ
ei(z)g(z)dzdy
=
∑
j∈N
χ(T (λ− λj))2ej(x)
∫
Σ
ej(z)g(z)dz
=
∑
j∈N
ρ(T (λ− λj))ej(x)
∫
Σ
ej(z)g(z)dz.
(2.5)
On the other hand,
ρλT =
∑
j∈N
ρ(T (λ− λj))Ej
=
∑
j∈N
1
2pi
∫ 1
−1
ρˆ(t)eit[T (λ−λj)]Ejdt
=
∑
j∈N
1
2piT
∫ T
−T
ρˆ(
t
T
)eit(λ−λj)Ejdt
=
1
2piT
∫ T
−T
ρˆ(
t
T
)eit(λ−
√
−∆g)dt
=
1
piT
∫ T
−T
ρˆ(
t
T
) cos(t
√
−∆g)eitλdt− ρ(T (λ+
√
−∆g))
(2.6)
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Here, ρ(T (λ +
√−∆g)) is an operator whose kernel is O(λ−N ), for any N ∈ N, so that we only have to
estimate the first term. We are not going to emphasize the restriction to Σ until we get to the point when
we take the Lp norm on Σ.
Denote the kernel of cos(t
√−∆g) as cos(t√−∆g)(x, y), for x, y ∈M , then ∀g ∈ Lp′(Σ),
(2.7) χλT (χ
λ
T )
∗g(x) =
1
piT
∫
Σ
∫ T
−T
ρˆ(
t
T
) cos(t
√
−∆g)(x, y)eitλg(y)dtdy +O(1).
Take the Lp(Σ) norm on both sides,
(2.8) ||χλT (χλT )∗g||Lp(Σ) ≤
1
piT
(
∫
Σ
|
∫
Σ
∫ T
−T
ρˆ(
t
T
) cos(t
√
−∆g)(x, y)eitλg(y)dtdy|pdx)1/p +O(1).
We are going to use Young’s inequality (see [11]), with 1r = 1− [(1 − 1p )− 1p ] = 2p , and
(2.9) K(x, y) =
1
piT
∫ T
−T
ρˆ(
t
T
)(cos t
√−∆g)(x, y))eitλdt.
Denote K as the operator with the kernel K(x, y) from now on.1
Since K(x, y) is symmetric in x and y, once we have
(2.10) sup
x∈Σ
||K(x, ·)||Lr(Σ) .
λ2δ(p)
logλ
,
where r = p/2, then by Young’s inequality, the theorem is proved.
We can use the same argument as in [16] to lift the manifold to Rn. As stated in Theorem IV.1.3 in
[8], for (M, g) has non-positive curvature, considering x to be a fixed point on Σ, there exists a universal
covering map p = expx : R
n → M . In this way, (M, g) is lifted to (Rn, g˜), with the metric g˜ = (expx)∗g
being the pullback of g via expx. g˜ is a complete Riemannian metric on R
n. Define an automorphism for
(Rn, g˜), α : Rn → Rn, to be a deck transformation if
p ◦ α = p,
when we shall write α ∈ Aut(p). If x˜ ∈ Rn and α ∈ Aut(p), let us call α(x˜) the translate of x˜ by α, then we
call a simply connected set D ⊂ Rn a fundamental domain of our universal covering p if every point in Rn
is the translate of exactly one point in D. We can then think of our submanifold Σ both as one in (M, g)
and one in the fundamental domain which is of the same form. Likewise, a function f(x) in M is uniquely
identified by one fD(x˜) on D if we set fD(x˜) = f(x), where x˜ is the unique point in D ∩ p−1(x). Using fD
we can define a ”periodic extension”, f˜ , of f to Rn by defining f˜(y˜) to be equal to fD(x˜) if x˜ = y˜ modulo
Aut(p), i.e. if (x˜, α) ∈ D ×Aut(p) are the unique pair so that y˜ = α(x˜).
In this setting, we shall exploit the relationship between solutions of the wave equation on (M, g) of the
form
(2.11)
{
(∂2t −∆g)u(t, x) = 0, (t, x) ∈ R+ ×M
u(0, · ) = f, ∂tu(0, · ) = 0,
and certain ones on (Rn, g˜)
(2.12)
{
(∂2t −∆g˜)u˜(t, x˜) = 0, (t, x˜) ∈ R+ × Rn
u˜(0, · ) = f˜ , ∂tu˜(0, · ) = 0.
If (f(x), 0) is the Cauchy data in (2.11) and (f˜(x˜), 0) is the periodic extension to (Rn, g˜), then the solution
u˜(t, x˜) to (2.12) must be a periodic function of x˜ since g˜ is the pullback of g via p and p ◦α = p. As a result,
we have that the solution to (2.11) must satisfy u(t, x) = u˜(t, x˜) if x˜ ∈ D and p(x˜) = x. Thus, periodic
1The definition of K(x, y) may be changed in this paper, but we always call K the corresponding operator with the kernel
K(x, y).
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solutions to (2.12) correspond uniquely to solutions of (2.11). Note that u(t, x) =
(
cos(t
√−∆g)f)(x) is the
solution of (2.11), so that
(2.13) cos(t
√
−∆g)(x, y) =
∑
α∈Aut(p)
cos(t
√
−∆g˜)(x˜, α(y˜)),
if x˜ and y˜ are the unique points in D for which p(x˜) = x and p(y˜) = y.
3. Proof of the improved restriction theorem, for n = 2.
While we can prove Theorem 1.1 for any dimension n, we will prove the case when n = 2 first separately,
as it is the simplest case, and does not involve interpolation or various sub-dimensions. Here is what it says.
Theorem 3.1. Let (M, g) be a compact smooth boudaryless Riemannian surface with nonpositive curvature,
and γ be a smooth curve with finite length, then for any f ∈ L2(M), we have the following estimate
(3.1) ||
∑
|λj−λ|<(log λ)−1
Ejf ||Lp(γ) .
λ
1
2−
1
p
(logλ)
1
2
||f ||L2(M), ∀p > 4.
We will prove Theorem 3.1 by the end of this section. By a partition of unity, we can assume that we fix
x to be the mid-point of γ, and parametrize γ by its arc length centered at x so that
(3.2) γ = γ[−1, 1] and γ(0) = x,
and we may assume that the geodesic distance between any x and y ∈ γ is comparable to the arc length
between them on γ.
We need to estimate the Lr(γ) norm of
(3.3)
∫ T
−T
ρˆ(
t
T
)(cos t
√
−∆g)(x, y)eitλdt =
∑
α∈Aut(p)
∫ T
−T
ρˆ(
t
T
)(cos t
√
−∆g˜)(x˜, α(y˜))eitλdt.
We should have the following estimates:
Up to an error of O(λ−1) exp(O(dg˜(x˜, y˜))) +O(e
dT ) or O(λ−1) exp(O(dg˜(x˜, α(y˜)))) +O(e
dT ) respectively,
(3.4)
∫ T
−T
ρˆ(
t
T
)(cos t
√
−∆g˜)(x˜, y˜)eitλdt = O(λ) when dg˜(x˜, y˜) < 1
λ
,
(3.5)
∫ T
−T
ρˆ(
t
T
)(cos t
√−∆g˜)(x˜, y˜)eitλdt = O(( λ
dg˜(x˜, y˜)
)1/2) when dg˜(x˜, y˜) ≥ 1
λ
,
(3.6) α 6= Id,
∫ T
−T
ρˆ(
t
T
)(cos t
√
−∆g˜)(x˜, α(y˜))eitλdt = O(( λ
dg˜(x˜, α(y˜))
)
1
2 )
To prove the above estimates, we need the following lemma.
Lemma 3.2. Assume that w(x˜, x˜′) is a smooth function from Rn × Rn to Rn, and Θ ∈ Sn−1, then
(3.7)
∫
Sn−1
eiw(x˜,x˜
′)·ΘdΘ =
√
2pi
n−1∑
±
e±i|w(x˜,x˜
′)|
|w(x˜, x˜′)|n−12
+O(|w(x˜, x˜′)|− n−12 −1),
when |w(x˜, x˜′)| ≥ 1.
The proof can be found in Chapter 1 in [11].
Let us return to estimating the kernel K(x, y). Applying the Hadamard Parametrix,
(3.8)
cos(t
√
−∆g˜)(x˜, α(y˜)) = w0(x˜, α(y˜))
(2pi)n
∑
±
∫
Rn
eiΦ(x˜,α(y˜))·ξ±it|ξ|dξ+
N∑
ν=1
wν(x˜, α(y˜))Eν(t, dg˜(x˜, α(y˜)))+RN (t, x˜, α(y˜)),
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where |Φ(x˜, α(y˜))| = dg˜(x˜, α(y˜)), Eν , ν = 1, 2, 3, ... are defined recursively by 2Eν(t, r) = −t
∫ t
0
Eν−1(s, r)ds,
where E0(t, x) = (2pi)−n
∫
Rn
eix·ξ cos(t|ξ|)dξ2, and wν(x˜, α(y˜)) equals some constant times uν(x˜, α(y˜)) that
satisfies:
(3.9)
{
u0(x˜, α(y˜)) = Θ
− 12 (α(y˜))
uν+1(x˜, α(y˜)) = Θ(α(y˜))
∫ 1
0 s
νΘ
1
2 (x˜s)∆g˜uν(x˜, x˜s)ds, ν ≥ 0.
where Θ(α(y˜)) = (det gij(α(y˜)))
1
2 , and (x˜s)s∈[0,1] is the minimizing geodesic from x˜ to α(y˜) parametrized
proportionally to arc length. (see [1] and [16])
First note that for N ≥ n+ 32 , by using the energy estimates (see [12] Theorem 3.1.5), one can show that
|RN (t, x˜, α(y˜))| = O(edt), for some constant d > 0, so that it is small compared to the first N terms.
Theorem 3.3. Given an n-dimensional compact Riemannian manifold (M, g) with nonpositve curvature,
and let (Rn, g˜) be the universal covering of (M, g). Then if N ≥ n+ 32 , in local coordinates,
(3.10) (cos t
√
−∆g˜)f(x˜) =
∫
KN(t, x˜; y˜)f(y˜)dVg˜(y˜) +
∫
RN (t, x˜; y˜)f(y˜)dVg˜(y˜),
where
(3.11) KN(t, x˜; y˜) =
N∑
ν=0
wν(x˜, y˜)Eν(t, dg˜(x˜, y˜)),
with the remainder kernel RN satisfying
(3.12) |RN (t, x˜; y˜))| = O(edt).
for some number d > 0.
This comes from Equation (42) in [1]. The proof can be found in [1].
By this theorem,
(3.13)
∫ T
−T
|RN (t, x˜, α(y˜))|dt ≤ C
∫ T
0
edtdt = O(edT ).
Moreover, for ν = 1, 2, 3, ..., we have the following estimate for Eν(t, r).
Theorem 3.4. For ν = 0, 1, 2, ... and Eν(t, r) defined above, we have
(3.14) |
∫
ρˆ(t)eitλEν(t, r)dt| = O(λn−1−2ν ), λ ≥ 1
Proof. Recall that
(3.15) E0(t, r) = H(t)
(2pi)n
∫
Rn
eiΦ(x˜,y˜)·ξ cos t|ξ|dξ,
so that
|
∫
ρˆ(t)eitλE0(t, r)dt| = | 1
2(2pi)n
∫ ∫
Rn
ρˆ(t)eit(λ±|ξ|)+iΦ(x˜,y˜)·ξdξdt|
≈ |
∫
Rn
[ρ(λ+ |ξ|) + ρ(λ− |ξ|)]eiΦ(x˜,y˜)·ξdξ|
≤
∫
Rn
|ρ(λ+ |ξ|)|+ |ρ(λ− |ξ|)|dξ
= O(λn−1).
(3.16)
By the definition of Eν such that ∂Eν
∂t
= t2Eν−1 and integrate by parts, we get that for any ν = 1, 2, 3, ...,
(3.17)
∫
ρˆ(t)eitλEν(t, r)dt = O(λn−1−2ν).

2Since Eν(t, x) is invariant under the same radius, we consider Eν(t, x) = Eν(t, |x|).
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The following theorem has been shown by Be´rard in [1] about the size of the coefficients uk(x˜, y˜).
Theorem 3.5. Let (M, g) be a compact n-dimensional Riemannian manifold and let σ be its sectional
curvature (hence, there is a number Γ such that −Γ2 ≤ σ). Assume that either
1.n = 2, and M does not have conjugate points;
or
2.−Γ2 ≤ σ ≤ 0; i.e. M has nonpositive sectional curvature.
Let (Rn, g˜) be the universal covering of (M, g), and let u˜ν , ν = 0, 1, 2, ... be defined by the relations (3.9),
then for any integers l and ν
(3.18) ∆lg˜u˜ν(x˜, y˜) = O(exp(O(dg˜(x˜, y˜)))).
The proof can be found in [1] Appendix: Growth of the Functions uk(x, y).
Since wν(x˜, α(y˜)) is a constant times u˜ν(x˜, α(y˜)), this theorem tells us that |wν(x˜, α(y˜))| = O(exp(cνdg˜(x˜, α(y˜)))),
for some constant cν depending on ν.
Moreover, denote that ψ(t) = ρˆ( tT ), and ψ˜ is the inverse Fourier Transform of ψ, we have ψ˜ ∈ S(R) such
that
(3.19) |ψ˜(t)| ≤ T (1 + T |t|)−N , for all N ∈ N.
Therefore,
N∑
ν=1
|wν(x˜, α(y˜))
∫ T
−T
ρˆ(
t
T
)eitλEν(t, dg˜(x˜, α(y˜)))dt|
=
N∑
ν=1
O(T (Tλ)n−1−2ν exp(cνdg˜(x˜, α(y˜))))
=O(T n−2λn−3 exp(CNdg˜(x˜, α(y˜)))),
(3.20)
for some CN depending on c1, c2, ..., cN−1.
All in all, taking n = 2, and disregarding the integral of the remainder kernel,
|
∫ T
−T
ρˆ(
t
T
) cos(t
√−∆g˜)(x˜, α(y˜))eitλdt|
=|
∫ T
−T
ρˆ(
t
T
)
w0(x˜, α(y˜))
4pi2
∑
±
∫
R2
eiΦ(x˜,α(y˜))·ξ±it|ξ|eitλdξdt|+O(λ−1 exp(CNdg˜(x˜, α(y˜)))).
(3.21)
On the other hand, w0(x˜, y˜) has a better estimate. By applying Gu¨nther’s Comparison Theorem [3], with
the assumption of nonpositive curvature, we can show that |w0(x˜, y˜)| = O(1). The proof is given by Sogge
and Zelditch in [16] for n = 2. Let’s see the case for any dimension n. In the geodesic polar coordinates we
are using, tΘ, t > 0, Θ ∈ Sn−1, for (Rn, g˜), the metric g˜ takes the form
(3.22) ds2 = dt2 +A2(t,Θ) dΘ2,
where we may assume that A(t,Θ) > 0 for t > 0. Consequently, the volume element in these coordinates is
given by
(3.23) dVg(t, θ) = A(t,Θ) dtdΘ,
and by Gu¨nther’s [3] comparison theorem if the curvature of (M, g), which is the same as that of (Rn, g˜) is
nonpositive, we have
(3.24) A(t, θ) ≥ tn−1,
where tn−1 is the volume element of the Euclidean space. While in geodesic normal coordinates about x, we
have
w0(x, y) =
(
det gij(y)
)− 14 ,
(see [1], [4] or §2.4 in [12]). If y has geodesic polar coordinates (t,Θ) about x, then t = dg˜(x, y), so that
w0(x, y) =
√
tn−1/A(t,Θ) ≤ 1.
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Therefore,
|
∑
±
∫
R2
∫ T
−T
eiΦ(x˜,y˜)·ξ±it|ξ|+itλρˆ(
t
T
)dtdξ| =|
∫
R2
eiΦ(x˜,y˜)·ξ(ψ˜(λ+ |ξ|) + ψ˜(λ − |ξ|))dξ|
≤
∫
R2
|ψ˜(λ+ |ξ|)|dξ +
∫
R2
|ψ˜(λ − |ξ|)|dξ
(3.25)
Note that ψ˜(λ+ |ξ|) = O(T (1 + λ+ |ξ|)−N ), for any N ∈ N, so ∫
R2
ψ˜(λ+ |ξ|)dξ can be arbitrarily small,
while ψ˜(λ − |ξ|) = O(T (1 + T |λ− |ξ||)−N ), for any N ∈ N, so that ∫
R2
|ψ˜(λ − |ξ|)|dξ . T ∫λ−1≤|ξ|≤λ+1(1 +
T |λ− |ξ||)−Ndξ = O(λ), provided that λ ≥ 1. So
(3.26)
∫ T
−T
ρˆ(
t
T
)(cos t
√
−∆g˜)(x˜, y˜)eitλdt = O(λ) +O(λ−1 exp(CNdg˜(x˜, y˜))),
disregarding the integral of the remainder kernel.
However, this estimate can be improved when dg˜(x˜, y˜) ≥ 1λ .
As we can see, the main term of
(3.27) cos(t
√
−∆g˜)(x˜, y˜) = w0(x˜, y˜)
4pi2
∑
±
∫
R2
eiΦ(x˜,y˜)·ξ±it|ξ|dξ +
N∑
ν=1
wν(x˜, y˜)Eν(t, dg˜(x˜, y˜)) +RN (t, x˜, y˜)
comes from the first term, and the corresponding term in
∫ T
−T
ρˆ( tT )(cos t
√−∆g˜)(x˜, y˜)eitλdt is bounded by
(3.28) C|
∑
±
∫ T
−T
∫
R2
ρˆ(
t
T
)eiΦ(x˜,y˜)·ξ±it|ξ|eitλdtdξ| = C|
∑
±
∫ T
−T
∫ ∞
0
∫ 2pi
0
ρˆ(
t
T
)eirΦ(x˜,y˜)·Θ±itr+itλrdtdrdθ|.
Integrate with respect to t first, then the quantity above is bounded by a constant times
(3.29)
∑
±
∫ ∞
0
∫ 2pi
0
ψ˜(λ ± r)eirΦ(x˜,y˜)·Θrdθdr.
Because ψ˜(λ± r) . T (1 + T |λ± r|)−N for any N > 0, the term with ψ˜(λ+ r) in the sum is O(1), while
the other term with ψ˜(λ − r) is significant only when r is comparable to λ, say, c1λ < r < c2λ for some
constants c1 and c2. In this case, as we assumed that dg˜(x˜, y˜) ≥ 1λ , we can also assume that dg˜(x˜, y˜) & 1r .
By Lemma 3.2,
∫ 2pi
0
eiw·Θdθ =
√
2pi|w|−1/2∑± e±i|w|+O(|w|−3/2), |w| ≥ 1, where w = rΦ(x˜, y˜). Integrate
up θ, the above quantity is then controlled by
|
∑
±
∫ c2λ
c1λ
ψ˜(λ− r)|rdg˜(x˜, y˜)|−1/2e±irdg˜(x˜,y˜)rdr +
∫ c2λ
c1λ
ψ˜(λ− r)|rdg˜(x˜, y˜)|−3/2rdr|
≤dg˜(x˜, y˜)−1/2
∫ c2λ
c1λ
ψ˜(λ− r)r1/2dr + dg˜(x˜, y˜)−3/2
∫ c2λ
c1λ
ψ˜(λ− r)r−1/2dr
=dg˜(x˜, y˜)
−1/2O(λ1/2) +O(dg˜(x˜, y˜)
−1)
=O((
λ
dg˜(x˜, y˜)
)1/2)
(3.30)
Note that these two equalities are still valid when c1 and c2 are changed to 0 and ∞.
Therefore, when dg˜(x˜, y˜) ≥ 1λ ,
(3.31) |w0(x˜, y˜)
4pi2
∑
±
∫
R2
ρˆ(
t
T
)eiΦ(x˜,y˜)·ξ±it|ξ|eitλdξ| = O(( λ
dg˜(x˜, y˜)
)
1
2 ).
Now we have finished the estimates for α = Id. For α 6= Id, note that we can find a constant Cp that is
different from 0, depending on the universal covering, p, of the manifold M , such that
(3.32) dg˜(x˜, α(y˜)) > Cp,
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for all α ∈ Aut(p) different from Id. The constant Cp comes from the fact that if we assume that the
injectivity radius of M is greater than a number, say, 1, and that x is the center of some geodesic ball with
radius one contained in M , then we can choose the fundamental domain D such that x is at least some
distance, say, Cp > 1, away from any translation of D, which we denote as α(D), for any α ∈ Aut(p) that
is not identity. Therefore, we may use the estimates for dg˜(x˜, y˜) ≥ 1λ before, assuming λ is larger than 1Cp .
Use the Hadamard parametrix, (see [16]), similarly as before, estimating only the main term,
|
∫ T
−T
ρˆ(
t
T
)(cos t
√
−∆g˜)(x˜, α(y˜))eitλdt|
.|(2pi)−2
∫
R2
∫ T
−T
ρˆ(
t
T
)eiΦ(x˜,α(y˜))·ξ cos(t|ξ|)eitλdt|
.
∑
±
|
∫ 2pi
0
∫ ∞
0
∫ T
−T
eirΦ(x˜,α(y˜))·Θ±itr+itλρˆ(
t
T
)rdtdrdθ|
.
∑
±
∫ ∞
0
∫ 2pi
0
ψ˜(λ− r)eirΦ(x˜,α(y˜))·Θ±itr+itλrdθdr
≤
∑
±
∫ ∞
0
ψ˜(λ− r)|rdg˜(x˜, α(y˜))|− 12 eirψ(x˜,α(y˜))·Θ±itr+itλrdr +
∫ ∞
0
ψ˜(λ− r)|rdg˜(x˜, α(y˜))|− 32 rdr
=O
(( λ
dg˜(x˜, α(y˜))
) 1
2
)
.
(3.33)
Now we have shown all the estimates (3.4), (3.5), and (3.6). Totally, K(x, y) is
(3.34) O(
1
T
(
λ
λ−1 + dg˜(x˜, y˜)
)
1
2 ) +
∑
Id 6=α∈Aut(p)
[O(
1
T
(
λ
dg˜(x˜, α(y˜))
)1/2) +O(
eET
T
)],
where E = max{CN , d}+ 1.
Note that, by the finite propagation speed of the wave operator ∂2t −∆g˜, dg˜(x˜, α(y˜)) ≤ T in the support
of cos(t
√−∆g)(x˜, α(y˜)). While M is a compact manifold with nonpositive curvature, the number of terms
of α’s such that dg˜(x˜, α(y˜)) ≤ T is at most ecT 3, for some constant c depending on the curvature, by the
Bishop Comparison Theorem (see [8][16]).
We take the Lr(γ) norms of each individual terms first, then by the Minkowski’s inequality, ||K(x, ·)||Lr(γ[−1,1])
is bounded by the sum. Also note that we may consider the geodesic distance to be comparable to the arc
length of the geodesic.
The first term is simple, and it is controlled by a constant times
(3.35)
1
T
(
∫ 1
0
(
λ
λ−1 + τ
)
r
2 dτ)1/r = O(
λ
p−2
p
T
).
Accounting in the number of terms of those α’s, the second term is bounded by a constant times
(3.36) ecT · λ
1
2
T
(
∫ 1
0
(
1
Cp
)
r
2 dτ)
1
r = O(ecT
λ
1
2
T
).
Therefore,
||K(x, ·)||Lr(γ[−1,1]) =O(
λ
p−2
p
T
) +O(ecT
λ
1
2
T
) +O(
e(c+E)T
T
)
=I + II + III.
(3.37)
3The number of terms of α’s such that dg˜(x˜, α(y˜)) ≤ T is also bounded below by e
c′T for some constant c′ depending on
the curvature of the manifold, according to Gu¨nther and Bishop’s Comparison Theorem in [8] (also see [16]).
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Now take T = β logλ, where β ≤ p− 4
2(c+ E)p
. (Note that we can assume that c 6= 0, otherwise, there is
only one α that we are considering, which is α = Id.) Then
(3.38) I = II = O(
λ
p−2
p
log λ
),
and
(3.39) III = o(
λ
p−2
p
log λ
).
Summing up, we get that
(3.40) ||K(x, ·)||Lr(γ[−1,1]) = O
(λ p−2p
log λ
)
.
Now apply Young’s inequality, with r = p2 , we get that
∀f ∈ Lp′(γ), ||χλT (χλT )∗f ||Lp(γ) .
(1 + λ)1−
2
p
logλ
||f ||Lp′(γ).
Therefore, Theorem 3.1 is proved.
4. Higher dimensions, n ≥ 3.
Now we move on to the case for n ≥ 3. While we want to show Theorem 1.1 for the full range of p
directly, we can only show it under the condition that p > 4kn−1 using the same method as in the last section.
Although we only need p = ∞ later to interpolate and get to the full version of Theorem 1.1, we will show
the most as we can for the moment.
Theorem 4.1. Let (M, g) be a compact smooth n-dimensional boudaryless Riemannian manifold with non-
positive curvature, and Σ be an k-dimensional compact smooth submanifold on M , then for any f ∈ L2(M),
we have the following estimate
(4.1) ||
∑
|λj−λ|≤(log λ)−1
Ejf ||Lp(Σ) .
λδ(p)
(log λ)
1
2
||f ||L2(M), ∀p >
4k
n− 1 ,
where
(4.2) δ(p) =
n− 1
2
− k
p
.
Remark 4.2. Note that although this estimate is not complete (that works for all p > 2) for general
numbers k < n, we get the complete range of p ≥ 2 when k and n satisfy 4kn−1 < 2. That means that we get
the improvement for all p ≥ 2 when k = 1, n > 3; k = 2, n > 5; etc..
For n ≥ 3, for the sake of using interpolation later, we need to insert a bump function4. Take ϕ ∈ C∞0 (R)
such that ϕ(t) = 1 when |t| ≤ 12 and ϕ(t) = 0 when |t| > 1. Then we only have to consider the following
kernel5
(4.3) K(x, y) =
1
piT
∫ T
−T
(1− ϕ(t))ρˆ( t
T
)(cos t
√−∆g)(x, y))eitλdt,
which is non-zero only when |t| > 12 . In the following discussion, we may sometimes only show estimates for
K(x, y) when t > 12 , as the part for t < − 12 can be done similarly.
The reason why we only consider the above kernel K(x, y) is because of the following lemma.
4We do not need the bump function if we simply want to prove Theorem 4.1.
5This kernel is different from the one in (2.9).
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Lemma 4.3. For ϕ ∈ C∞0 (R) such that ϕ(t) = 1 when |t| ≤ 12 and ϕ(t) = 0 when |t| > 1. Let
(4.4) K˜(x, y) =
1
piT
∫ 1
−1
ϕ(t)ρˆ(
t
T
)(cos t
√
−∆g)(x, y)eitλdt,
then
(4.5) sup
x
||K˜(x, ·)||Lr(Σ) = O(
λ2δ(p)
logλ
).
We will postpone the proof to the end of this section.
Now we are ready to prove Theorem 4.1, which is essentially the same as the lower dimension case, and
what we need to show is (2.10). By a partition of unity, we may choose some point x ∈ Σ, and consider Σ to
be within a ball with geodesic radius 1 centered at x, and under the geodesic normal coordinates centered
at x, parametrize Σ as
Σ = {(t,Θ)|y = expx(tΘ) ∈ Σ, t ∈ [−1, 1],Θ ∈ Sk−1}
Applying the Hadamard Parametrix, for any α ∈ Aut(p),
(4.6)
cos(t
√−∆g˜)(x˜, α(y˜)) = w0(x˜, α(y˜))
(2pi)n
∑
±
∫
Rn
eiΦ(x˜,α(y˜))·ξ±it|ξ|dξ+
∞∑
ν=1
wν(x˜, y˜)Eν(t, dg˜(x˜, α(y˜)))+RN (t, x˜, α(y˜)),
where |Φ(x˜, α(y˜))| = dg˜(x˜, α(y˜)), and Eν , ν = 1, 2, 3, ... are those described in Section 3.
By Theorem 3.5,
(4.7)
∫ T
−T
|RN (t, x˜, α(y˜))|dt .
∫ T
0
edtdt = O(edT ).
Moreover, by (3.14), for ν = 1, 2, 3, ...,
(4.8) |
∫ T
−T
(1− ϕ(t))ρˆ( t
T
)eitλEν(t, dg˜(x˜, α(y˜)))dt| = O(T (Tλ)n−1−2ν).
Since |wν(x˜, α(y˜))| = O(exp(cνdg˜(x˜, α(y˜)))) by [1], for some constant cν depending on ν,
N∑
ν=1
|wν(x˜, α(y˜))
∫ T
−T
(1− ϕ(t))ρˆ( t
T
)eitλEν(t, dg˜(x˜, α(y˜)))dt|
=
N∑
ν=1
O(T (Tλ)n−1−2ν exp(cνdg˜(x˜, α(y˜))))
=O(T n−2λn−3 exp(CNdg˜(x˜, α(y˜)))),
(4.9)
for some CN depending on c1, c2, ..., cN−1.
All in all, disregarding the integral of the remainder kernel,
(4.10) |
∫ T
−T
(1 − ϕ(t))ρˆ( t
T
) cos(t
√
−∆g˜)(x˜, α(y˜))eitλdt|
= |
∫ T
−T
(1− ϕ(t))ρˆ( t
T
)
w0(x˜, y˜)
(2pi)n
∑
±
∫
R2
eiΦ(x˜,α(y˜))·ξ±it|ξ|eitλdξdt|+O(T n−2λn−3 exp(CNdg˜(x˜, α(y˜)))).
On the other hand, |w0(x˜, y˜)| = O(1) (see [16]) by applying Gu¨nther’s Comparison Theorem in [3], and
for
(4.11) |
∑
±
∫
Rn
∫ T
−T
(1 − ϕ(t))eiΦ(x˜,α(y˜))·ξ±it|ξ|+itλρˆ( t
T
)dtdξ|,
as we may assume as before that dg˜(x˜, α(y˜)) >
1
2 by the stationary phase estimates in [11].
Denote that ψ(t) = (1− ϕ(t))ρˆ( tT ), and ψ˜ is the inverse Fourier Transform of ψ.
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Again we have, ψ˜(λ + |ξ|) = O(T (1 + λ + |ξ|)−N ), for any N ∈ N, so ∫
Rn
ψ˜(λ + |ξ|)dξ can be arbitrarily
small, while ψ˜(λ− |ξ|) = O(T (1 + T |λ− |ξ||)−N ).
Integrate (4.11) with respect to t first, then it is bounded by a constant times
(4.12)
∑
±
∫ ∞
0
∫
Sn−1
ψ˜(λ± r)eirΦ(x˜,α(y˜))·Θrn−1dΘdr.
Because ψ˜(λ±r) ≤ T (1+T |λ±r|)−N for any N > 0, the term with ψ˜(λ+r) in the sum is O(1), while the
other term with ψ˜(λ−r) is significant only when r is comparable to λ, say, c1λ < r < c2λ for some constants
c1 and c2. In this case, as we assumed that dg˜(x˜, α(y˜)) ≥ D, we can also assume that dg˜(x˜, α(y˜)) & 1r for
large λ.
By Lemma 3.2,
∫
Sn−1
eiw·ΘdΘ =
√
2pi
n−1|w|−n−12 ∑± e±i|w|+O(|w|− n+12 ), |w| ≥ 1, where w = rΦ(x˜, α(y˜)).
Integrate up Θ, the above quantity is then controlled by
|
∑
±
∫ c2λ
c1λ
ψ˜(λ− r)|rdg˜(x˜, α(y˜))|−
n−1
2 e±irdg˜(x˜,y˜)rn−1dr +
∫ c2λ
c1λ
ψ˜(λ− r)|rdg˜(x˜, α(y˜))|−
n+1
2 rn−1dr|
≤dg˜(x, y)−
n−1
2
∫ c2λ
c1λ
ψ˜(λ− r)r n−12 dr + dg˜(x˜, α(y˜))−
n+1
2
∫ c2λ
c1λ
ψ˜(λ− r)r n−32 dr
=O((
λ
dg˜(x˜, α(y˜))
)
n−1
2 )
(4.13)
Therefore, disregarding the integral of the remainder kernel,
(4.14)∫ T
−T
(1− ϕ(t))ρˆ( t
T
)(cos t
√
−∆g˜)(x˜, α(y˜))eitλdt = O(( λ
dg˜(x˜, α(y˜))
)
n−1
2 ) +O(T n−2λn−3 exp(CNdg˜(x˜, α(y˜)))).
Now K(x, y) is
(4.15)
∑
α∈Aut(p)
[O(
1
T
(
λ
dg˜(x˜, α(y˜))
)
n−1
2 ) +O(
eET
T
)],
where E = max{CN , d}+ 1.
Here we still have: the number of terms of α’s such that dg˜(x˜, α(y˜)) ≤ T is at most ecT , for some constant
c depending on the curvature, and there exists a constant Cp such that dg˜(x˜, α(y˜)) > Cp for any α ∈ Aut(p)
different from identity.
Now we take the Lr(Σ) norms of each individual terms. By (3.32), and accounting in the number of terms
of those α’s, the first one is bounded by a constant times
(4.16)
ecTλ
n−1
2
T
(
∫ 1
0
C
− n−12 ·r
p τ
k−1dτ)
1
r = O(
ecTλ
n−1
2
T
).
Therefore,
||K(x, ·)||Lr(Σ) =O(
ecTλ
n−1
2
T
) +O(
e(c+E)T
T
)
=I + II.
(4.17)
Now take T = β logλ, where β =
n−1
2 − 2kp − δ
c+ E
, where δ satisfies 0 < δ < n−12 − 2kp . Note that
n−1
2 − 2kp > 0 when p > 4kn−1 . Then
(4.18) I = O(
λβc+
n−1
2
logλ
) = O(
λ
n−1
2 −
2k
p
−δ+n−12
log λ
) = o(
λn−1−
2k
p
logλ
),
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and
(4.19) II = O(
λβ(c+E)
logλ
) = O(
λ
n−1
2 −
2k
p
−δ
logλ
) = o(
λn−1−
2k
p
logλ
).
Summing up, we get that
(4.20) ||K(x, ·)||Lr(Σ) = o
(λn−1− 2kp
logλ
)
.
Now apply Young’s inequality, with r = p2 , together with the estimate in Lemma 4.3, we have
(4.21) ∀f ∈ Lp′(Σ), ||χλT (χλT )∗f ||Lp(Σ) .
λn−1−
2k
p
logλ
||f ||Lp′(Σ).
Therefore, Theorem 4.1 is proved.
proof of Lemma 4.3. With similar approaches as the previous discussions, we can show that K˜(x, y) is
(4.22) O(
1
T
(
λ
λ−1 + dg˜(x˜, y˜)
)
n−1
2 ) +
∑
Id 6=α∈Aut(p)
[O(
1
T
(
λ
dg˜(x˜, α(y˜))
)
n−1
2 ) +O(eET )],
where E = max{CN , d}+ 1.
Note that |t| ≤ 1 for ϕ(t) 6= 0, and the number of terms such that dg˜(x˜, α(y˜)) ≤ 1 is at most ec, so that
(4.23) ||K˜(x, y)||Lr(Σ) = O(
λ2δ(p)
logλ
),
if we take T = logλ and calculate as before. 
5. Proof of the main theorem in all dimensions.
To show Theorem 1.1, we need to use interpolation. Recall that
K(x, y) =
1
piT
∫ T
−T
(1− ϕ(t))ρˆ( t
T
)(cos t
√
−∆g)(x, y))eitλdt
=
1
2piT
∫ T
−T
(1 − ϕ(t))ρˆ( t
T
)(eit
√
−∆g + e−it
√
−∆g)(x, y)eitλdt
(5.1)
is the kernel of the operator
1
2piT
[
∑
j
ψ˜(λ− λj)Ej +
∑
j
ψ˜(λ+ λj)Ej ]
=
1
2piT
[
∑
j
ψ˜(λ− λj)Ej ] +O(1)
=
1
2piT
ψ˜(λ −
√
−∆g) +O(1),
(5.2)
where ψ˜(t) is the inverse Fourier transform of (1− ϕ(t))ρˆ( tT ) so that |ψ˜(t)| ≤ T (1 + |t|)−N for any N ∈ N.
We have the following estimate for ψ˜(λ−√−∆g).
Theorem 5.1. For k 6= n− 2,
(5.3) ||ψ˜(λ− P )g||L2(Σ) . Tλ2δ(2)||g||L2(Σ), for any g ∈ L2(Σ),
and for k = n− 2,
(5.4) ||ψ˜(λ− P )g||L2(Σ) . Tλ2δ(2) log λ||g||L2(Σ), for any g ∈ L2(Σ),
where P =
√−∆g.
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Proof. Recall the proof of the corresponding restriction theorem in [2], they showed that for χ ∈ S(R), and
define
(5.5) χλ = χ(
√
−∆g − λ) =
∑
j
χ(λj − λ)Ej ,
we have
(5.6) ||χλ||L2(M)→L2(Σ) = O(λδ(2)),
for k 6= n− 2, and
(5.7) ||χλ||L2(M)→L2(Σ) = O(λδ(2)(logλ)
1
2 ),
for k = n− 2.
Now consider ψ˜(λ − P ) as SS˜∗, where
(5.8) S =
∑
j
(1 + |λj − λ|)−MEj
and
(5.9) S˜ =
∑
j
(1 + |λj − λ|)M ψ˜(λj − λ)Ej ,
where M is some large number.
Recall that |ψ˜(τ)| ≤ T (1 + |τ |)−N for any N ∈ N, we then have
(5.10) |(1 + |λj − λ|)M ψ˜(λj − λ)| ≤ T (1 + |λj − λ|)−N
for any N .
By (1.7), which we deduced from the proof of Theorem 3 in [2], for a given λ,
(5.11) ||
∑
λj∈(λ−1,λ+1)
Ej ||L2(M)→L2(Σ) = O(λδ(2)), if k 6= n− 2
and
(5.12) ||
∑
λj∈(λ−1,λ+1)
Ej ||L2(M)→L2(Σ) = O(λδ(2)(log λ)
1
2 ), if k = n− 2
so that for any f ∈ L2(M),
||
∑
j
(1 + |λj − λ|−M )Ejf ||L2(Σ)
≤||
∑
λj∈(λ−1,λ+1)
Ejf ||L2(Σ) + ||
∑
λj 6∈(λ−δ,λ+δ)
(1 + |λj − λ|−M )Ejf ||L2(Σ)
.
{
λδ(2)||f ||L2(M) +
∑
λj 6∈(λ−1,λ+1)
(1 + |λj − λ|)−M ||Ejf ||L2(Σ), if k 6= n− 2,
λδ(2)(logλ)
1
2 ||f ||L2(M) +
∑
λj 6∈(λ−1,λ+1)
(1 + |λj − λ|)−M ||Ejf ||L2(Σ), if k = n− 2.
(5.13)
As ∑
λj 6∈(λ−1,λ+1)
(1 + |λj − λ|)−M ||Ejf ||L2(Σ)
≤
{∑
λj 6∈(λ−1,λ+1)
λ
δ(2)
j (1 + |λj − λ|)−M ||Ejf ||L2(M), if k 6= n− 2,∑
λj 6∈(λ−1,λ+1)
λ
δ(2)
j (logλj)
1
2 (1 + |λj − λ|)−M ||Ejf ||L2(M), if k = n− 2,
(5.14)
which can be made arbitrarily small when M is sufficiently large,
(5.15) ||
∑
j
(1 + |λj − λ|−M )Ejf ||L2(Σ) ≤
{
λδ(2)||f ||L2(M), if k 6= n− 2,
λδ(2)(logλ)
1
2 ||f ||L2(M), if k = n− 2.
16 XUEHUA CHEN
Similarly, we have
(5.16) ||
∑
j
(1 + |λj − λ|M )φ˜(λj − λ)Ejf ||L2(Σ) ≤
{
Tλδ(2)||f ||L2(M), if k 6= n− 2,
Tλδ(2)(log λ)
1
2 ||f ||L2(M), if k = n− 2.
Therefore,
||ψ˜(λ− P )g||L2(Σ) =||SS˜∗g||L2(Σ)
≤||S||L2(M)→L2(Σ)||S˜∗||L2(Σ)→L2(M)||g||L2(Σ)
=||S||L2(M)→L2(Σ)||S˜||L2(M)→L2(Σ)||g||L2(Σ)
.
{
Tλ2δ(2)||g||L2(Σ), if k 6= n− 2,
Tλ2δ(2) logλ||g||L2(Σ), if k = n− 2.
(5.17)

Now we may finish the proof of Theorem 1.1.
Recall that we denote K as the operator whose kernel is K(x, y). The above theorem tells us that,
(5.18) ||K||L2(Σ)→L2(Σ) ≤
{
O(λ2δ(2)), for k 6= n− 2;
O(λ2δ(2) logλ), for k = n− 2.
Interpolating this with
(5.19) ||K||L1(Σ)→L∞(Σ) = O(
ecTλ
n−1
2
T
)
or
(5.20) ||K||L1(Σ)→L∞(Σ) = O(ecTλ
n−1
2 )
respectively by Theorem 4.1, we get that for any p and k 6= n− 2,
(5.21) ||K||Lp′(Σ)→Lp(Σ) = O(
λ
n−1
2 (1−
2
p
)ecT (1−
2
p
)λ2δ(2)·
2
p
T 1−
2
p
) = O(
λ
n−1
2 −
n−1
p
+ 4δ(2)
p ecT (1−
2
p
)
T 1−
2
p
),
and for k = n− 2,
(5.22) ||K||Lp′(Σ)→Lp(Σ) = O(
λ
n−1
2 −
n−1
p
+ 4δ(2)
p ecT (1−
2
p
)T
2
p
T 1−
2
p
) = O(
λ
n−1
2 −
n−1
p
+ 4δ(2)
p ecT (1−
2
p
)
T 1−
4
p
).
If k = n− 1, then δ(2) = 14 .
(5.23) ||K||Lp′(Σ)→Lp(Σ) = O(
λ
n−1
2 −
n−2
p ecT (1−
2
p
)
T 1−
2
p
).
Since n−12 − n−2p < 2δ(p) if p > 2nn−1 , say, n−12 − n−2p + δ < 2δ(p) for some small number δ > 0, then taking
β = δ
c(1− 2
p
)
, and T = β logλ, we have
(5.24) ||K||Lp′(Σ)→Lp(Σ) = O(
λ2δ(p)−δ
T 1−
2
p
) = O(
λ2δ(p)−δ
(logλ)1−
2
p
) = o(
λ2δ(p)
log λ
),
which indicates Theorem 1.1.
If k = n− 2,
(5.25) ||K||Lp′(Σ)→Lp(Σ) = O(
λ
n−1
2 −
n−1
p
+ 4δ(2)
p ecT (1−
2
p
)
T 1−
4
p
) = O(
λ
n−1
2 −
n−1
p
+ 2
p ecT (1−
2
p
)
T 1−
4
p
).
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Now since n−12 − n−1p + 2p < (n− 1)− 2(n−2)p when p > 2, we can take δ > 0 such that n−12 − n−1p + 2p + δ <
(n− 1)− 2(n−2)p , and take β = δc(1− 2
p
)
, T = β logλ, then
(5.26) ||K||Lp′(Σ)→Lp(Σ) = O(
λ2δ(p)−δ
(log λ)1−
4
p
) = o(
λ2δ(p)
logλ
),
which is the what we need.
If k ≤ n− 3, δ(2) = n−12 − k2 , then
(5.27) ||K||Lp′(Σ)→Lp(Σ) = O(
λ
n−1
2 −
n−1
p
+ 4δ(2)
p ecT (1−
2
p
)
T 1−
2
p
) = O(
λ
n−1
2 −
n−1
p
+ 2(n−1)−2k
p ecT (1−
2
p
)
T 1−
2
p
).
Since n−12 − n−1p + 2(n−1)−2kp < (n − 1)− 2kp = 2δ(p) for p > 2, we can take δ > 0 such that n−12 − n−1p +
2(n−1)−2k
p + δ < (n− 1)− 2kp , and take β = δc(1− 2
p
)
, T = β logλ, then
(5.28) ||K||Lp′(Σ)→Lp(Σ) = O(
λ2δ(p)−δ
(log λ)1−
2
p
) = o(
λ2δ(p)
logλ
),
which finishes Theorem 1.1.
References
[1] P. H. Be´rard: On the wave equation on a compact manifold without conjugate points, Math. Z. 155 (1977), 249–276.
[2] N. Burq, P. Ge´rard and N. Tzvetkov: Restriction of the Laplace-Beltrami eigenfunctions to submanifolds, Duke Math. J.
138 (2007), 445–486.
[3] P. Gu¨nther: Einige Stzeber das Volumenelement eines Riemannschen Raumes, Publ. Math. Debrecen 7 (1960), 78–93.
[4] J. Hadamard: Lectures on Cauchy’s Problem in Linear Partial Differential Equations, Dover Publications, New York,
1953.
[5] A. Hassell and M. Tacey, personal communication.
[6] Ho¨rmander, L.: The analysis of linear partial differential operators. I. Distribution theory and Fourier analysis. (Reprint
of the second (1990) edition), Springer-Verlag, Berlin, 2003.
[7] Rui Hu: Lp norm estimates of eigenfunctions restricted to submanifolds, Forum Math. 21 (2009), 1021-1052.
[8] C. Isaac: Riemannian Geometry: A modern introduction, second edition, Cambridge Univ. Press, Cambridge, 2006.
[9] A. Reznikov, Norms of geodesic restrictions for eigenfunctions on hyperbolic surfaces and representation theory,
arXiv:math.AP/0403437.
[10] C. D. Sogge, Concerning the Lp norm of spectral clusters for second-order elliptic operators on compact manifolds, J.
Funct. Anal. 77 (1988), 123–138.
[11] C. D. Sogge: Fourier integrals in classical analysis, Cambridge Tracts in Math., Cambridge Univ. Press, Cambridge, 1993.
[12] C. D. Sogge: Hangzhou lectures on eigenfunctions of the Laplacian, (in preparation), www.mathematics.jhu.edu/sogge/zju.
[13] C. D. Sogge, Kakeya-Nikodym averages and Lp-norms of eigenfunctions, (arXiv:0907.4827) to appear Tohoku Math. J
(centennial edition).
[14] C. D. Sogge, J. Toth and S. Zelditch, About the blowup of quasimodes,on Riemannian manifolds, (arXiv:0908.0688) to
appear, J. Geom. Anal.
[15] C. D. Sogge and S. Zelditch, Riemannian manifolds with maximal eigenfunction growth, Duke Math. J. 114 (2002),
387–437.
[16] C. Sogge, S. Zelditch: On eigenfunction Restriction estimates and L4-bounds for compact surfaces with nonpositive cur-
vature.
[17] E. Stein: Harmonic Analysis, Princeton University Press, 1993.
Johns Hopkins University, Baltimore, MD
Email address: xchen@math.jhu.edu
